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$m,$ $n$ , $c$ $n$ , $b$ $m$ , $A$ $m\mathrm{x}n$ .
, : $Ax=b$ : $x\geq 0$ , : $c^{\mathrm{T}}x$
( ) $n$ $x$ ,
.
(P) $\min\{c^{\mathrm{T}}x|Ax=b, x\geq 0\}$ (1)




(D) $\max\{b^{\mathrm{T}}y|A^{\mathrm{T}}y\leq c\}$ . (2)
, (D) , (D)
(P) . , (P)




$\dot{1}$ (Farkas [2]) $A$ $m\cross n$ , $b$ $m$ .
.
$X_{F}(A, b):=\{x\in \mathbb{R}^{n}|Ax=x,x\geq 0\}$,
$Y_{F}(A,b):=\{y\in \mathbb{R}^{m}|A^{\mathrm{T}}y\leq 0, b^{\mathrm{T}}y>0\}$ .
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. $n$ $c\subseteq \mathbb{R}^{n}$ , $C$ $C^{*}$
.
$C^{*}:=\{y\in \mathbb{R}^{n}|x^{\mathrm{T}}y\geq 0,\forall x\in C\}$ (3)
$C\subseteq \mathbb{R}^{n}$ , $C^{*}$ , , .
$C$ , $x\in C\Rightarrow\alpha x\in C,\forall\alpha\geq 0$ . , $C$
$(C^{*})^{*}=C$ .
$c\subseteq \mathbb{R}^{n}$ , $C=C^{*}"$ .
, .
.
(CP) $\mathrm{m}\mathrm{i}\mathrm{n}\{c^{\mathrm{T}}x|Ax=b, x\in C\}$. (4)
(CD) $\max\{b^{\mathrm{T}}y|c-A^{\mathrm{T}}y\in C^{*}\}$ . (5)
. - [6] , (CP) (DP) ,
.
2 $A$ $m\mathrm{x}n$ , $b$ $m$ . $c\subseteq \mathbb{R}^{n}$ .
$\llcorner,$ $A$ [C]\hslash s $\mathrm{t}\mathrm{h}.$, .
$X(A, b,C):=\{x\in \mathbb{R}^{n}|Ax=x,x\in C\}$ ,
$Y(A, b, C):=$ { $y\in \mathbb{R}^{m}|$A$\mathrm{T}y\in C^{*},$ $b^{\mathrm{T}}y<0$ }.
, $A$ [C] $:=\{Ax\in \mathbb{R}^{n}|X\in C\}$ ( $A$ $C$ ) .
, ,
, . 3 ,







$S$ $\{j\}$ , $S\cup\{j\}$ $S+j$ , $j\in S$
, $S\backslash \{j\}$ $S-j$ . $S,$ $I,$ $J,$ $K$ $I\cap J=J\cap K=K\cap I=\emptyset$ $S=I\cup J\cup K$
, $I,$ $J,$ $K$ $S$ . Farkas
( 1) .
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3( Farkas – ) $m\cross n$ $A$ , $m$ $b$
, . $A$ $N=$ $\{1,2, \ldots, n\}$ , $A_{i}$ $A$ $i$





$x_{i}\geq 0x_{i}\#\mathrm{f}\text{ }$ $(i\in J)(i\in I)(i\in K)\}$ ,
$x_{i}=0$
$A_{:}^{\mathrm{T}}y=0$
$A_{i}^{\mathrm{T}}y\leq 0A_{i}^{\mathrm{T}}y\#\mathrm{h}\text{ }b^{\mathrm{T}}y>0$ $(i\in J)(i\in I)(i\in K)\}$
$N$ $I,$ $J,$ $K$ , $X$ (L $J,$ $K$ ) $Y$ (L $J,$ $K$)
.
Farkas , $N$ $I,$ $J,$ $K$ $I=N,$ $J=\emptyset,K=\emptyset$
, Farkas ( 1) . , $I=\emptyset,$ $J$ =N, $K=\emptyset$ ,
Gale[3] .
4(Gale – [3]) $M$ $m\cross n$ . 2
.
$X_{G}\langle M,$ $b):=\{x\in R^{n}|Moe=b\}$ ,




3( Farkas ) :
$\overline{x}\in X$ (L $J,$ $K$) $\overline{y}\in Y$ (I, $J,$ $K$ ) ,
$0<b^{\mathrm{T}}\overline{y}=(A\overline{x})^{\mathrm{T}}\overline{y}=\overline{y}^{\mathrm{T}}Ao\overline{e}$
$= \sum_{i\in I}$ –yTAi–$x_{i}+ \sum_{i\in J}$ –yT $A_{i}$ $i$ $+ \sum_{i\in K}\overline{y}^{\mathrm{T}}A$i i
$= \sum_{i\in I}\overline{y}^{\mathrm{T}}A_{i}\overline{x}_{i}+0+0\leq 0$
. , $X$ (L $J,$ $K$ ) $Y$ (L $J,$ $K$) $\mathrm{A}\mathrm{l}$ .
$X$ (I, $J,$ $K$) $\mathrm{Y}(I, J, K)$ , $I$
(1) $|I|=0$ , $I=\emptyset$ , Gale
. .
(2) , $|I|<k$ , $|I|=k$
.
$I$ 1 $l$ , 4 .
$X(I-l, J+l, K),$ $X(I-l, J, K+l)$ ,
$Y(I-l, J+l, K),$ $Y(I-l, J, K+l)$ .
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$X$ (I, $J,$ $K$) $\supseteq X(I-l, J, K+l)$ . $X(I-l, J, K+l)\neq\emptyset$
$X$ (L $J,$ $K$) $\neq\emptyset$ . $X(I-l, J, K+l)=\emptyset$ .
, $X(I-l, J, K+l)$ $\mathrm{Y}(I-l, J, K+l)$ T , $Y(I-l, J, K+l)$
.
, $Y$ (I, $J,$ $K$) $\supseteq Y$ ($I-l,$ $J$ +l, $K$) , $\mathrm{Y}(I-$
$l,$ $J+l,$ $K)\neq\emptyset$ $Y(I, J, K)\neq\emptyset$ . $Y$ ($I-l,$ $J$ +l, $K$ ) $=\emptyset$
. , 2 $X$ ($I-l,$ $J$ +l, $K$) $Y$ ($I-l,$ $J$ +l, $K$) T
, $X$ ($I-l,$ $J$ +l, $K$) .
, :
$\exists\overline{x}\in X(I-l, J+l, K)$ $\exists\overline{y}\in Y(I-l, J, K+l)$ .
$\overline{x},\overline{y}$ ,
0 $<$ $b^{\mathrm{T}}\overline{y}=\overline{y}^{\mathrm{T}}(A\overline{x})$
$=$ $\sum_{i\in I-l}\overline{y}^{\mathrm{T}}A_{i}\overline{x}_{i}+$ $\mathrm{T}A_{l}\overline{x}_{l}+\sum_{i\in J\cup K}\overline{y}^{\mathrm{T}}A_{\dot{l}}\overline{x}_{\dot{l}}$
$=$ $\sum_{i\in I-l}\overline{y}^{\mathrm{T}}A:\overline{x}_{i}$ +–yTAl l $\leq\overline{y}^{\mathrm{T}}A_{l}\overline{x}_{l}$
, $\overline{y}^{\mathrm{T}}A_{l}<0$ $\overline{x}_{l}>0$ . $\overline{y}^{\mathrm{T}}A_{l}<0$ , $\overline{y}$ $\mathrm{Y}(I, J, K)$ ,
$\overline{x}\iota>0$ , $\overline{x}$ $X$ (L $J,$ $K$) . . 1
4 .
4 (Gale ) :
$Xc$ (M, $b$) $Y_{G}$ (M, $b$) 3 .
, $X_{G}$ (M, $b$) $\mathrm{Y}_{G}$ (M, $b$) , $M$
.
1. $M$ 1 . $M=[\alpha^{\mathrm{T}}](\alpha\in \mathbb{R}^{n})$, $b=[\beta](\beta\in \mathbb{R})$ .
l-(i) $\alpha$ \neq 0 . $\alpha_{i}\neq 0$ $i$ , $\overline{x}\in \mathbb{R}^{n}$ ,
$X_{G}$ (M, $b$) .
$\overline{x}_{j}:=\{$
$\frac{\beta}{\alpha}\dot{.}$ $(j=i)$ ,
0 $(j\neq i)$ .
l-(ii) $\alpha$ =0, $\beta\neq 0$ . $y\in \mathbb{R}$ $\beta<0$ $w=-1,$ $\beta$ \succ O $w=1$
$Y_{G}$ (M, $b$) .
l-(iii) $\alpha$ =0, $\beta=0$ . $x\in \mathbb{R}^{n}$ $X_{G}$ (M, $b$) .
2. $M$ 2 . $M$ $m\cross n$ , $m+n=k$ .
$k$ .
$M$ $\alpha^{\mathrm{T}}(\alpha\in \mathbb{R}^{n})$ , $b$ $\beta(\beta\in \mathbb{R})$ .
$M’,$ $b’$ $M=\{\begin{array}{l}\alpha^{\mathrm{T}}M\end{array}\},$ $b=(\begin{array}{l}\beta b\end{array})$ . $M’$ $M^{\prime \mathrm{T}}$
$k-1$ , $\text{ }\mathrm{f}\mathrm{f}\mathrm{i}\text{ }$ , 2
$X_{G}(M’, b’)=\{x\in \mathbb{R}^{n}|M’x=b’\}$ ,
$\mathrm{Y}_{G}(M’, b’)=\{y’\in \mathbb{R}^{m-1}|M^{\prime \mathrm{T}}y=0, b^{\mathrm{T}}y’> 0\}$
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, . ,
$X_{G}(M^{\prime \mathrm{T}}, \alpha)=\{z\in \mathbb{R}^{m-1}|M^{\prime \mathrm{T}}z=\alpha\}$ ,
$\mathrm{Y}_{G}(M^{\prime \mathrm{T}}, \alpha)=\{w\in \mathbb{R}^{n}|M’w=0, \alpha^{\mathrm{T}}w>0\}$
2 . , 2-(i)(ii)(iii)
.
$2rightarrow(\mathrm{i})\exists\overline{y}\in \mathrm{Y}_{G}$ (M’, $b’$ ) . $( \frac{0}{y})\in \mathrm{Y}_{G}$ (M, $b$) .




, $Mx^{*}=b$ $x^{*}\in X_{G}$ (M, $b$) .
2-(iii) $\exists\overline{x}\in X_{G}$ (M’, $b’$ ) $\exists z\in X_{G}$ (M’T, $\alpha$ ) . $\alpha^{\mathrm{T}}\overline{x}=\beta$ , $\overline{x}\in X_{G}$ (M, $b$)
. $z^{\mathrm{T}}b’\neq\beta$ , $y^{*}=(\begin{array}{l}-1z\end{array})$ ,
$y^{*\mathrm{T}}M=-\alpha^{\mathrm{T}}+z\mathrm{T}M’=0_{:}^{\mathrm{T}}$
$y^{*\mathrm{T}}b=-\beta+z\mathrm{T}b’\neq 0,$
, $y^{*}\in \mathrm{Y}_{G}$ (M, $b$) $y^{*}\in \mathrm{Y}_{G}(M, b)$ . $\alpha^{\mathrm{T}}\overline{x}\neq\beta$
$z^{\mathrm{T}}b’=\beta$ , $\beta\neq\alpha^{\mathrm{T}}\overline{x}=z^{\mathrm{T}}M’\overline{x}=z^{\mathrm{T}}b’=\beta$ .
. 1
Farkas . $m,$ $n$
, $A,$ $b,$ $c$ $m\mathrm{x}n$ , $m$ , $n$ .
(P) (D) .
(P) $\min\{c^{\mathrm{T}}x|Ax=b, x\geq 0\}$ ,
(D) $\max\{b^{\mathrm{T}}y|A^{\mathrm{T}}y\leq c\}$ .
.
5( ) 2 (P) (D) $\overline{x},\overline{y}$ , $b^{\mathrm{T}}\overline{y}\leq c^{\mathrm{T}}x$
.
(P), (D) $\overline{x},\overline{y}$ $b^{\mathrm{T}}\overline{y}=(A\overline{x})^{\mathrm{T}}\overline{y}\leq c^{\mathrm{T}}\overline{x}$
. 1
6( ) (P) (D) , (P)
(D) , .
(P) (D) ,
$X=\{x\in \mathbb{R}^{n},$ $y\in \mathbb{R}^{m}|Ax=b,oe\geq 0A^{\mathrm{T}}y\leq c,c^{\mathrm{T}}x’\leq b^{\mathrm{T}}y\}$
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. $X$ , $(x, y)$ , (P) (D)
. $c^{\mathrm{T}}x\leq b^{\mathrm{T}}y$
. , $x,$ $y$ (P) (D) , .
, (P) (D) $X$





. , I , $\mathrm{O}$ , Farkas
, $X$




$(\overline{w}\in \mathbb{R}^{m},\overline{z}\in \mathbb{R}^{n},\overline{q}\in \mathbb{R})$ .
$\overline{q}<0$ , $\overline{x}=\overline{\frac{z}{q}},\overline{y}=\frac{\varpi}{-q}$ , $\overline{x},\overline{y}$ (P), (D) ,
$c^{\mathrm{T}} \overline{x}-b^{\mathrm{T}}\overline{y}=\frac{1}{q}(c^{\mathrm{T}}\overline{z}+b^{\mathrm{T}}\overline{y})<0$ .
$\overline{q}=0$ , $\overline{x},$ $\overline{y}$ (P), (D) . , $X$ $c^{\mathrm{T}}\overline{x}-b^{\mathrm{T}}\overline{y}>0$
. $\alpha\in \mathbb{R}$ $\overline{x}$ (\mbox{\boldmath $\alpha$}) $:=\overline{x}-\alpha\overline{z},$ $\overline{y}(\alpha):=\overline{y}+\alpha\overline{w}$ , $\alpha\geq 0$
, $\overline{x}(\alpha),\overline{y}(\alpha)$ (P), (D) . , $\alpha>\neg\overline{\frac{w}{y}}c^{\mathrm{T}}+b^{\mathrm{T}}c^{\mathrm{T}^{\overline{\frac{z}{x}}}}-b$ $\alpha$ ,
$c^{\mathrm{T}}\overline{x}(\alpha)-b^{\mathrm{T}}\overline{y}(\alpha)=c^{\mathrm{T}}\overline{x}-b^{\mathrm{T}}\overline{y}-\alpha(c^{\mathrm{T}}\overline{z}+b^{\mathrm{T}}\overline{w})<0$ . , .




[4] ). , ,
.
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Recursive Algorithm to get a vector in general Farkas’s theorem
GeneralFarkas$(A, b, I, J, K)$ ;
Input: An $m\mathrm{x}n$ rational matrix $A$ , arational $m$-vector $b$ and
apartition of the index set $N=\{1,2, \ldots, n\},$ $I,$ $J,$ $Kj$
Output: Exactly one of solutions of $X(I, J, K)$ and $Y(I, J, K)$ ;
begin
if $I\neq\emptyset$ then
choose $l\in I$ ;
call the procedure GeneralFarkas(A, $b,$ $I-l,$ $J+l,$ $K$);
call the procedure GeneralFarkas(A, $b,$ $I-l,$ $J,$ $K+l$);
if $X(I-l, J, K+l)\neq\emptyset$
return the solution of $X(I-l, J, K+l)j$ ( asolution of $X(I,$ $J,$ $K)*$ )
elseif $Y(I-l, J+l, K)\neq\emptyset$
return the solution of $Y(I-l, J+l, K);$ ( a solufion of $Y\langle I,$ $J,$ $K$) $*)$
eke ( the ne $Y(I-l,$ $J,$ $K+1)\neq\emptyset$ and $X(I-l,$ $J+l,$ $K)\neq\emptyset*$ )
let $\overline{x}\in X(I-l, J+l, K)$ and $\overline{y}\in Y(I-l, J, K+l)$ ;
if $x_{l}>0$ then return $\overline{l}\mathrm{i}$ ( a solution of $X(I,$ $J,$ $K)*$)
else $(’ A_{l}^{\mathrm{T}}\overline{y}<0 ’)$ return $\overline{y}$; (’ asolution of $Y(I,$ $J,$ $K)*$)
else ( the case $I=\emptyset*$)
$A’:=A_{Jj}$
call the procedure Gale(A$’$ ) $\mathrm{j}$
return exactly one of solutions of $\mathrm{x}_{G}(A’, b)$ and $Yc(A’, b)j$
end.
Recursive Algorithm to get a vector in Gale’s theorem
G le(M, $b$),$\cdot$
Input: An $m\mathrm{x}n$ rational matrix $A$, arational $m$-vector $b$;
Output: Exactly one of solutions of $X_{G}$ (M, $b$) and $Y_{G}$ (M, $b$);
begin
if $I\neq\emptyset$ then
choose $l\in I$ ;
call the procedure GeneralFarkas(A, $b$ , $I-l,$ $J$ +l, $K$);
call the proc ure GeneralFarkas(A, $b,$ $I-l,$ $J$, $K+l$);
if $X(I-l,$ $J,$ $K+l\rangle\neq\emptyset$
return the solution of $X(I-l, J, K+l)\cdot,$ ( a solution of $X$ (I, $J,$ $K$) $*$ )
elseif $Y$ ($I-l,$ $J$ +l, $K$) $\neq\emptyset$
return the solution of $Y$ ($I-l,$ $J$ +l, $K$) $j$ ( asolution of $Y$(I, $J,$ $K$) $”$ )
else $(^{*}$ the case $Y(I-l, J, K+1)\neq\emptyset$ and $X$ ($I-l,$ $J$ +l, $K$) $\neq\emptyset$
let $\overline{x}\in X$ ($I-l,$ $J$ +l, $K$) and $\overline{y}\in Y(I-l, J, K+l)$ ;
$\mathrm{i}\mathrm{f}\overline{x}\downarrow>0$ then return $o\overline{e}j$ (’ a solution of $X$ (I, $J,$ $K$)
else $(^{*}A_{l}^{\mathrm{T}}\overline{y}<0*)$ return $\overline{y};$ ( asolution of $Y(I,$ $J,$ $K)*$)
else $(^{*}$ the case $I=\emptyset$
$A’:=A_{J;}$
call the procedure Gale(A’):




second order cone (ice cream cone) $C_{(n)}:=\{x\in \mathbb{R}^{n}|x_{1}\geq\sqrt{x_{2}^{2}+x_{3}^{2}+\cdots+x_{n}^{2}}\}$
2 $C(n)$ $n=3$ , 1 , ice-cream cone




7 $A$ $m\cross n$ , $b\in \mathbb{R}^{m}$ $m$ , C(n , 2
. $X(A, b, C_{(n)})$ $Y(A, b, C_{(n)})$ .
$X(A, b, C(n)):=\{x\in \mathbb{R}^{n}|Ax=b, x\in C(n)\}$ ,
$Y(A, b, C\langle n)):=$ { $z\in \mathbb{R}^{n}|z=A^{\mathrm{T}}y\in C^{*}((n)=C(n)),$ $b^{\mathrm{T}}y<0$ , for some $y\in \mathbb{R}^{m}$ }.
, $A$ [C(n$\rangle$ ] , $X$ (A, $b,$ $C(n)$ ) $Y(A, b, C(n))$
.
$[1, 6]$ . ,
. .
, $Ax=0$ .
$[x_{1},x_{2}, \ldots, x_{n}]$ $[x_{1}, \ldots, x_{m}, x_{m+1}, \ldots, x_{n}]$




, $\alpha\in \mathbb{R}^{n-m},$ $\beta\in \mathbb{R},$ $B\in \mathbb{R}^{(m-1\rangle \mathrm{x}(n-m)},$ $b\in \mathbb{R}^{m-1}$ ( $b$











$X(A, b, C(n))=X$(A’, $b,$ $C(n\rangle),$ $Y(A, b, C(n))=Y(A’, b, C(n))A[C(n)]=$
$A’[C\langle n)]$ . $f$ : $\mathbb{R}^{n}arrow \mathbb{R}$ .
$f$ (x1, $x_{2},$ $\ldots,$ $x_{n}$ ) $:=x_{1}-\sqrt{x_{2}^{2}+x_{3}^{2}+\cdots+x_{n}^{2}}$
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(6 , $g($ . $)$ .
$f(x_{1}, \cdots, x_{n})=\beta-\alpha^{\mathrm{T}}\overline{x}-$ $b^{\mathrm{T}}b-2b^{\mathrm{T}}B\overline{x}+-\mathrm{T}(B^{\mathrm{T}}B+I)\overline{x}=:g(\overline{x})$
, $\overline{x}=$ [$x_{m+1},$ $\ldots,$ $x$n]T . $\sqrt$. $B^{T}B+I$ ,
Cholesky . , $B^{\mathrm{T}}B+I=D^{\mathrm{T}}D,$ $D$ $m\mathrm{x}m$ .
$g(\overline{x})$ ( ) $\nabla g(\overline{x})$ ( ) $Hg(\overline{x})$




. , $\kappa(\overline{x})=b^{\mathrm{T}}b$ -2bT $B\overline{x}+\overline{x}^{\mathrm{T}}$ (B$\mathrm{T}B+I$ ) $b$- . $-Hg(\overline{x})$ (positive
semi-definite) , $g(\overline{x})$ , ( ) (
) . , $g(\overline{x})=$ $\overline{x}$ .
.
(Case A) $\alpha=0$ . (7) ,
$\overline{x}^{*}:=(D^{\mathrm{T}}D)^{-1}B^{\mathrm{T}}b$
g(x-*) $=0$ .
$g(\overline{x}^{*})\geq 0$ , $\overline{x}$ $X$ (A, $b,$ $C_{(n)}$ ) .
$g(\overline{x}^{*})<0$ , $X$ (A, $b,$ $C(n)$ , $\mathrm{Y}(A,$ $b,$ $C(n)$
.
(Subcase A-a) $g(\overline{x}^{*})<0,$ $\beta$ <O . $y=[y_{1}, y2, . . . , y_{m}]:=[1,0, . . . , 0]$ , $A^{\prime \mathrm{T}}y=$
$[1,0, \ldots, 0]\in C_{(n)}^{*}$ $b^{\prime \mathrm{T}}y=-\beta>0$ , $A^{\prime \mathrm{T}}y$ $(A’, b’, C_{(n)})$ .





, $\beta\geq 0\Rightarrow b^{\mathrm{T}}(b-B\overline{x}^{*})\neq 0$ . , .
(Subcase A-b) $g(\overline{x}^{*})<0,$ $\beta$ =0 $\text{ }$ . $y_{1}^{*}\in \mathbb{R}$ $\overline{y}^{*}:=[y_{2}^{*},\overline{y}_{3}^{*}, \ldots,\overline{y}_{m}^{*}]\in \mathbb{R}^{m-1}$
$y_{1}:=-g(\overline{x}^{*}),\overline{y}^{*}:=\{$





, $A^{\prime \mathrm{T}}[y_{1}^{*}, y_{2}^{*}, \ldots, y_{m}^{*}]$ T $C_{(n)}^{*}$ \iota .




$\overline{x}^{*}=B^{\mathrm{T}}b-B^{\mathrm{T}}B\overline{x}^{*}$ , $=\overline{x}$ ” $\mathrm{T}*\overline{x}$





$==$ $01$ : $\{\begin{array}{l}x_{1}x_{2}x_{3}\end{array}\}\in C_{(3)}$
$g(x_{3})=-\sqrt{2x_{3}-2x_{3}+1}$ , $x_{3}^{*}= \frac{1}{2}$ . $f(x_{3}^{*})=-L_{2}^{2}$ $\beta=0$
, $[y_{1}^{*}, y_{2}^{*}]$ .
$\{\begin{array}{l}y_{1}^{*}y_{2}^{*}\end{array}\}=\{\begin{array}{l}\frac{\sqrt{2}}{2}(=-f(x_{3}^{*}))-\frac{1}{2}(=-(1-x_{3}^{*}))\end{array}\}$
,
$A^{\prime \mathrm{T}}\{\begin{array}{l}y_{1}^{*}y_{2}^{*}\end{array}\}=\{\begin{array}{l}c_{2}2-\frac{1}{2}-\frac{1}{2}\end{array}\}\in C_{(3)}^{*},$b^{\mathrm{T}} \{\begin{array}{l}y_{1}^{*}y_{2}^{*}\end{array}\}=-\frac{1}{2}<0$
, $A^{\prime \mathrm{T}}$ [ $y_{1}^{*}$ , y2*]T\in C(*3 .







(Case B) $\alpha\neq 0$ .
$g(\overline{x})=\beta-\alpha^{\mathrm{T}}\overline{x}-$ $b$




$\overline{x}(\lambda):=-$A $(D^{\mathrm{T}}D)^{-1}ot+$ $($DT $D)^{-}1B\mathrm{T}b$
. ,
(i) $\exists\overline{x}^{*}\mathrm{s}.\mathrm{t}$ . $\nabla g(\overline{x}^{*})=0\Rightarrow\exists$|A’ $\mathrm{s}.\mathrm{t}$ . $\nabla g(\overline{x}(\lambda^{*}))=0$
. $\overline{x}(\lambda)$ $g($ . $)$ $\lambda$ , $h$ (\lambda ) .
$g(\overline{x}(\lambda))=\beta’-\alpha’\lambda-\sqrt{a\lambda^{2}+b\lambda+c}=:h(\lambda)$
, $\beta’,$ $\alpha’,$ $a,$ $b,$ $c$ , . (i) $g$ ,
(ii) $\exists\overline{x}^{0}\mathrm{s}.\mathrm{t}$ . $g(\overline{x}^{0})$ $=0\Rightarrow\exists\lambda_{0}\mathrm{s}.\mathrm{t}\cdot g(\overline{x}(\lambda 0))=h(\lambda 0)=0$
. , .
(Case B-a) $\exists\lambda 0\mathrm{s}$ .t. $h(\lambda 0)=0,$ $-\infty<\lambda_{0}<+\infty$ .
$[b-\overline{x}$g$\lambda_{0})\overline{x}$(x0)]
$X$ (A, $b,$ $C(n)$ ) .
(Case B-b)$\underline{\beta\lambda_{0}\mathrm{s}.\mathrm{t}.h(\lambda_{0})=0,-\infty<\lambda_{0}<+\infty)}$\emptyset . $h(\lambda)=\beta’-\alpha’\lambda-\sqrt{a\lambda^{2}+b\lambda+c}$
$\nabla h(\lambda)=-\alpha’-\frac{1}{2}(2a\lambda+b)\frac{1}{\sqrt{a\lambda^{2}+b\lambda+c}}$
. (iii) $\exists\overline{x}^{*}\mathrm{s}.\mathrm{t}$ . $\nabla g(\overline{x}^{*})=0\Rightarrow\exists\lambda^{*}\mathrm{s}.\mathrm{t}$ . $\nabla g(\overline{x}(\lambda^{*}))=0\Rightarrow\exists\lambda^{*}\mathrm{s}.\mathrm{t}$ . $\nabla$h$(\lambda^{*})=0$
$\text{ ^{}\vee}\supset \mathit{0})\text{ }$ ,
$\nabla h(\lambda)=-a’-\frac{1}{2}(2a\lambda+b)\frac{1}{\sqrt{a\lambda^{2}+b\lambda+\mathrm{C}}}=0$
$\langle$ .
(Subase B-b-l)$\underline{\exists\lambda^{*}\mathrm{s}.\mathrm{t}.\nabla h(\lambda)=0,-\infty<\lambda<+\infty}$ . $o\overline{e}(\lambda^{*})$ $g(\overline{x})$ .
, $g(\overline{x}(\lambda^{*})<0$ . (Case A) $Y$ (A’, $b,$ $C(n)$ )
.
(Subase B-b-2)$\underline{\not\simeq\lambda^{*}\mathrm{s}.\mathrm{t}.\nabla h(\lambda)=0,-\infty<\lambda}$$\infty$ , $g(\overline{x})$











, $g(x_{3})$ 0 , $x\mathrm{s}arrow+\infty$ 0 (( 2)
$A’[C_{(3)}]$ , $C_{(3)}$ ( $r$ , rcos $\theta,$ $r\sin\theta$) $A’$ 3
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